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There is a well-known correspondence between abstract regular
polytopes and string C-groups. In this paper, for each d  3,
a string C-group with d generators, isomorphic to an alternating
group of degree n is constructed (for some n 9), or equivalently
an abstract regular d-polytope, is produced with automorphism
group Alt(n). A method that extends the CPR graph of a polytope to
a different CPR graph of a larger (or possibly isomorphic) polytope
is used to prove that various groups are themselves string C-
groups.
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1. Introduction
Until the nineteenth century, the study of regular polytopes was limited, almost without excep-
tion, to objects in two and three dimensions. However around 1853, Schläﬂi discovered and classiﬁed
regular convex polytopes in higher dimensional Euclidean spaces. The subject of regular polytopes
was subsequently taken up by Coxeter, who contributed greatly to the ﬁeld and helped further de-
velop the investigation of more general polytopes. In [34] Tits produced the fundamental ideas of
polyhedric geometries, now called buildings, whose apartments are regular thin diagram geometries
(see [35]). In [12] Grünbaum suggested the study of polytope structures that are topologically more
complicated than convex polytopes. Independent of the work of Tits, Danzer and Schulte [10,30] con-
tinue this idea, which leads to the modern deﬁnition of an abstract polytope.
Much work has been done to understand abstract polytopes of low rank. The classiﬁcation of all
rank 2 polytopes is trivial, where any 2-polytope is isomorphic to the face lattice of a convex p-gon
(for some 2 p ∞). Abstract polytopes of rank 3 can be represented as maps on surfaces, and the
study of regular maps was initiated by Brahana [2], and continued by Coxeter [8]. Conversely, most
maps on surfaces are abstract polytopes of rank 3 (see [9] and [33]).
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structs a regular extension of any given regular polytope to one of a higher rank with ∞ in its
Schläﬂi symbol. Another extension of a regular polytope, satisfying a condition about the action of
the automorphism group on its facets, was found by Schulte in [31]. Recently Pellicer has constructed
regular polytopes of high rank in [27] and [28].
It is natural to ask which highly symmetric polytopes have a small group, or a small number of
ﬂags. “An atlas of abstract regular polytopes for small groups” in [17] and “The atlas of small regular
polytopes” in [13] collect polytopes with these properties. Similarly, one can require that a group not
only be small, but that its structure be well understood. In [19] toroidal polytopes of high rank are
examined; also in [21,22], families of regular polytopes in each rank are constructed from the standard
representation of a crystallographic Coxeter group reduced modulo an odd prime. In many cases, the
polytopes constructed have an orthogonal group as their automorphism group. One can search for
high rank regular polytopes with automorphism groups isomorphic to other ﬁnite simple (or almost
simple) groups.
The question of which ﬁnite simple groups occur as the automorphism group of regular maps
appears already in the Kourovka Notebook [18]. In [15] and [16], the authors classify all polytopes of
rank at least 4 whose automorphism group is a projective special linear group L2(q) or a projective
general linear group PGL2(q); polytopes of rank 3 for the former group can be found in [7].
In [32], Hartley asks if one can construct polytopes whose automorphism group is an alternating
group Alt(n). The ﬁrst main results on regular 3-polytopes with automorphism group Alt(n) were
obtained by Conder in his doctoral thesis and then published in [5] and [6], showing that for every
k > 6, all but ﬁnitely many Alt(n) are the automorphism group of a regular map of type {3,k}. More
recently, in joint work with Bujalance and Costa [4], Conder extended these results to chiral maps.
Independently, Nedela and Širánˇ [24] have developed methods for constructing chiral maps of pre-
scribed type from alternating groups. Let us also mention recent work by Pellicer [26]. In this paper,
we give a partial answer to Hartley’s question by proving the following theorem.
Theorem1.1. For each rank k 3, there is a regular k-polytope P with automorphism group Γ (P) isomorphic
to an alternating group Alt(n) for some n. In particular, for each even rank r  4, there is a regular polytope
with Schläﬂi type {10,3r−2} and group isomorphic to Alt(2r + 1), and for each odd rank q  5, there is a
regular polytope with Schläﬂi type {10,3q−4,6,4} and group isomorphic to Alt(2q + 3).
In Section 2 we give an overview of the basic deﬁnitions and properties of abstract regular poly-
topes and string C-groups. Next, in Section 3 we discuss permutation representations of groups and
CPR graphs of polytopes, and we give a construction for the sesqui-extension of a group based on its
permutation representation. In Section 4 we present some known results regarding polytopes for the
alternating and symmetric groups, and provide new results about polytopes for the alternating groups
of degree 9, 10, 11, and 12. Finally, the proof of Theorem 1.1 is in Section 5 when k is even, and in
Section 6 when k is odd.
2. Abstract polytopes and string C-groups
An abstract d-polytope P is a ranked partially ordered set of faces with the following four deﬁn-
ing properties (see [20] for more details). First, P contains two improper faces, a least face F−1 of
rank −1, and a greatest face Fd of rank d; in general, an element F ∈ P with rank(F ) = i is called
an i-face. Second, each ﬂag (maximal totally ordered subset) of P contains d + 2 faces (including the
two improper faces). Third, P is strongly connected, in the sense deﬁned below. Finally, P must have
a homogeneity property; whenever F < G with rank(F ) = i − 1 and rank(G) = i + 1, there are exactly
two i-faces H with F < H < G; this is called the diamond property.
For any two faces F and G of P with F  G , we call G/F := {H | H ∈ P, F  H  G} a sec-
tion of P ; this is a polytope in its own right. If P is a partially ordered set satisfying the ﬁrst two
properties, then P is said to be connected if either d  1, or d  2 and for any two proper faces
F and G of P (meaning any faces other than F−1 and Fd) there is a sequence of proper faces
44 M.E. Fernandes et al. / Journal of Combinatorial Theory, Series A 119 (2012) 42–56F = H0, H1, . . . , Hk−1, Hk = G such that Hi and Hi−1 are comparable for i = 1, . . . ,k. We say that
P is strongly connected if each section of P (including P itself) is connected.
Two ﬂags of a d-polytope P are said to be adjacent if they differ by exactly one face. If Φ is a ﬂag
of P , the diamond property tells us that for i = 0,1, . . . ,d − 1 there is exactly one ﬂag that differs
from Φ in its i-face. This ﬂag is denoted by Φ i and is i-adjacent to Φ . Note that (Φ i)i = Φ for each i,
and (Φ i) j = (Φ j)i if |i − j| > 1. A d-polytope (d  2) is called equivelar if for each i = 1,2, . . . ,d − 1
there is an integer pi so that any section G/F deﬁned by an (i − 2)-face F and an (i + 1)-face G is a
pi-gon. If P is equivelar we say that it has (Schläﬂi) type {p1, p2, . . . , pd−1}.
The automorphism group of a d-polytope P is denoted by Γ (P). A d-polytope P is called regular if
its automorphism group Γ (P) has exactly one orbit on the ﬂags of P , or equivalently, if for some ﬂag
Φ = {F−1, F0, F1, . . . , Fd} and each i = 0,1, . . . ,d−1 there exists a (unique involutory) automorphism
ρi of P such that ρi(Φ) = Φ i . If P is regular, then in fact the latter property holds for any ﬂag Φ ,
and so we are free to choose any ﬁxed, or base, ﬂag as a reference ﬂag.
For a regular d-polytope P with base ﬂag Φ , its group Γ (P) is generated by the involutions
ρ0, . . . , ρd−1 described above. These distinguished generators satisfy the Coxeter-type relations
(ρiρ j)
pij =  (0 i, j  d − 1), (1)
where pii = 1 for all i, 2 p ji = pij ∞ if j = i − 1, and with the additional property that
pij = 2 for |i − j| 2. (2)
Any group 〈ρ0, . . . , ρd−1〉 satisfying properties (1) and (2) is called a String Group Generated by
Involutions or a sggi. The type of P is {p1, p2, . . . , pd−1}, with pi = pi−1,i . Moreover, Γ (P) and its
generators satisfy the following intersection property:
〈ρi | i ∈ I〉 ∩ 〈ρi | i ∈ J 〉 = 〈ρi | i ∈ I ∩ J 〉 for I, J ⊆ {0, . . . ,d − 1}. (3)
Any group generated by involutions that has this intersection property is called a C-group (see [20,
Chapter 2]). Thus the group Γ (P) of a regular polytope P is always a C-group from what was
mentioned above. However, not all C-groups are Coxeter groups as there can be other, independent
relations amongst the generators. Note that property (2) implies that the underlying Coxeter diagram
for Γ (P) is a string diagram; thus Γ (P) is always what is called a string C-group.
Conversely, see for example [20], for the proof that a regular d-polytope can be constructed
uniquely from a string C-group Γ = 〈ρ0, . . . , ρd−1〉. To see how this is accomplished we need fur-
ther notation. Let Γi := 〈ρ j | j = i〉, that is for each i, Γi is the group generated by all but the ith
generator. The faces of P and the partial order are deﬁned in terms of cosets of these groups. First
set Γ−1 := Γd := Γ := Γ (P). Next, for all ranks j, take the set of j-faces of P to be the set of all
right cosets Γ jϕ in Γ , with ϕ ∈ Γ . Finally, deﬁne the partial order by Γ jϕ  Γkψ if and only if
−1 j  k d and Γ jϕ ∩ Γkψ = ∅. This construction identiﬁes P as a particular kind of thin diagram
geometry (see [3]).
The next two results are useful in later sections.
Proposition 2.1. Let Γ = 〈ρ0, . . . , ρr−1〉 be a sggi. If Γ0 := 〈ρ1, . . . , ρr−1〉 and Γr−1 := 〈ρ0, . . . , ρr−2〉 are
string C-groups, and Γ0 ∩ Γr−1 = Γ0,r−1 := 〈ρ1, . . . , ρr−2〉 then Γ itself is a string C-group.
Proof. See Proposition 2E16 of [20]. 
Lemma 2.2. Let Γ = 〈ρ0, . . . , ρr−1〉 be a sggi. If Γ0 := 〈ρ1, . . . , ρr−1〉 and Γr−1 := 〈ρ0, . . . , ρr−2〉 are string
C-groups, ρr−1 /∈ Γr−1 , and Γ0,r−1 := 〈ρ1, . . . , ρr−2〉 is maximal in Γ0 , then Γ is itself a string C-group.
The idea for this proof can be found in Lemma 11A10 of [20]. There, the authors consider the case
where Γ0 is the group of the simplex.
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Proof of Lemma 2.2. Since Γ0 and Γr−1 are C-groups, by the above proposition, we just need to verify
that Γ0,r−1 = Γ0 ∩ Γr−1. It is always the case that Γ0,r−1  Γ0 ∩ Γr−1  Γ0, and since ρr−1 /∈ Γr−1, we
have Γ0,r−1  Γ0 ∩ Γr−1  Γ0. We get the desired equality since Γ0,r−1 is maximal in Γ0. 
We use a notation similar to above for many groups. In general, for any group G and any generat-
ing set {g0, . . . , gk}, let I = {0, . . . ,k}, and deﬁne the group G j := 〈gi | i ∈ I \ { j}〉. Similarly, for lists of
subscripts, we deﬁne G j1,..., jm := 〈gi | i ∈ I \ { j1, . . . , jm}〉.
3. Permutation representations
In this section we discuss permutation representations of string C-groups. In particular we de-
ﬁne CPR graphs for regular polytopes, introduced by Pellicer in [25] and [26], and we deﬁne a
sesqui-extension construction for extending a permutation representation of a string C-group while
maintaining the string C-group structure. This construction can be seen as a special case of a Petrie-
like construction described by Hartley and Leemans in [14], or as a mixing of two polytopes described
in [20] when the groups are string C-groups.
3.1. CPR graphs
We begin by recalling the basics of CPR graphs, referring to [26] for more details.
A CPR graph of a regular d-polytope P is a permutation representation of Γ (P) = 〈ρ0, . . . , ρd−1〉
represented on a graph as follows. Let φ be an embedding of Γ (P) into the symmetric group Sn for
some n. The CPR graph G of P determined by φ is the multigraph with n vertices, and with edge
labels in the set {0, . . . ,d− 1}, such that any two vertices v,w are joined by an edge of label j if and
only if (v)(φ(ρ j)) = w . These representations are faithful since φ is an embedding.
For instance, take the symmetric group Sn with its natural action on a set Ω := {1, . . . ,n} of n
points. Consider the string-C-group of the (n−1)-simplex Γ = 〈ρ0, . . . , ρn−2〉 where ρi := (i+1, i+2)
with i ∈ {0, . . . ,n − 2}. The CPR graph of Γ on n vertices is given in Fig. 1.
The value of n for which we may choose an embedding into Sn is not unique. For example the
regular toroidal polytope P = {4,4}(2,0) (see [23] for a description of this, and similar polytopes) has
32 ﬂags and thus there is an embedding of Γ (P) into S32, giving a CPR graph isomorphic to the
Cayley graph of Γ (P). However, the action of Γ (P) on the edges of the polytope determines the
action on the ﬂags, and thus there is an embedding into S8 acting on the set of edges. From the
two different embeddings, we get the two different CPR graphs in Fig. 2. Here ρ0, ρ1, and ρ2 are
represented by the edges with no label, and with labels 1 and 2 respectively.
Since Γ (P) has a string diagram, the connected components of the graphs induced by edges with
labels i and j for |i − j| > 1 must either be single vertices, single edges, double edges, or alternating
squares (see Fig. 3). This is due to the fact that if ρi and ρ j commute, we have ρ
ρ j
i = ρi and therefore,
when conjugating ρi by ρ j , the set of edges corresponding to ρi in the CPR graph is stabilized. In
other words, ρ j must permute the edges corresponding to ρi .
We now recall a result that is useful in later sections. It allows us to avoid the use of a computer
in proving that two groups are in fact C-groups.
Theorem 3.1. Let G be a connected, proper 3-edge labeled graph satisfying the conditions that each connected
component induced by the edges with labels 0 and 2 is either a single vertex, a single edge, a double edge, or
an alternating square. If G satisﬁes one of the three following conditions, then G is a CPR graph of a regular
3-polytope.
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Fig. 3. Connected components induced by ρi and ρ j for |i − j| > 1.
1. The graph induced by edges of labels 0 and 1 (or dually 1 and 2) has two connected components with at
least two vertices such that their numbers of vertices is relatively prime.
2. G has a vertex invariant under 〈ρ1,ρ2〉 (or dually 〈ρ0,ρ1〉).
3. G has an edge {u, v} of label 1 such that no edge of label 2 (or dually label 0) is incident to either u or v
and such that {u, v} is not the central edge of a connected component of the graph induced by edges of
labels 0 and 1, which is a path of odd length.
We refer to Theorems 4.3, 4.4, and 4.5 of [26] respectively for the complete proofs of 1., 2. and 3.
We give a sketch proof of point 1. of this theorem since this is the condition used later in this article
to show that some graphs are indeed CPR graphs.
Assume that the graph H induced by edges labeled 0 and 1 is not connected. First notice that,
by hypothesis, the subgraph with edges labeled 0 or 2 corresponds to the subgroup generated by ρ0
and ρ2, that is a Klein group of order 4. Since any rank 2 sggi is a string C-group, by Proposition 2.1,
we only need to check that 〈ρ0,ρ1〉 ∩ 〈ρ1,ρ2〉 = 〈ρ1〉. Suppose the later is not true. In that case,
Pellicer shows that we may assume there is an element ρ ∈ 〈ρ0ρ1〉 ∩ 〈ρ1ρ2〉 that must be a product
of disjoint cycles of length l with l  3 and not ﬁxing any point, contradicting the fact that the two
connected components of H have their number of vertices relatively prime.
3.2. Sesqui-extensions
Deﬁnition 3.2. Let G = 〈ρo, . . . , ρr−1〉 and let τ be an involution such that τ /∈ G and τ commutes
with all of G . We call the group H = 〈ρiτηi 〉 a sesqui-extension with respect to ρk of G , where ηi = 1
if i = k and 0 otherwise.
An immediate consequence of this deﬁnition is that if H is a sesqui-extension of G then G  H 
G × C2.
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〈ρ0,ρ1〉 where ρ0 = (1,2)(3,5) and ρ1 = (2,5)(3,4). It is easy to show that G1 ∼= D5, giving the
symmetries of the regular pentagon generated by two reﬂections. Let τ = (6,7), and construct a
sesqui-extension with respect to ρ0 of G1. In this case the new group 〈(1,2)(3,5)(6,7), (2,5)(3,4)〉 ∼=
G1 × C2.
Similarly, if we let G2 = 〈s0, s1〉 where s0 = (1,2)(4,5) and s1 = (1,2,3,4,5), we notice that G2 is
also isomorphic to D5, giving the symmetries of the regular pentagon generated by a rotation and a
reﬂection. Now if we again let τ = (6,7), and construct a sesqui-extension with respect to s0 of G2,
we get the new group 〈(1,2)(3,5)(6,7), (1,2,3,4,5)〉 ∼= G2. So even though G1 ∼= G2, their sesqui-
extensions need not be the same.
Proposition 3.3. Let G be a string C-group, and H be a sesqui-extension of G with respect to ρ0 . If H is a sggi,
then H is a string C-group.
Proof. When G is a string C-group, it has an associated regular polytope P(G). Similarly, we can
consider the group 〈τ 〉 as the string C-group associated with the rank 1 polytope Q. Then the sesqui-
extension of G with respect to ρ0 can be thought of as the group of the polytope P(G) ♦ Q deﬁned
in Chapter 7 of [20], and proved to be a string C-group by Theorem 7A7 of the same work. 
It is a clear consequence of this proposition, using duality, that if G = 〈ρ0, . . . , ρr−1〉 is a string
C-group, then a sesqui-extension of G with respect to ρr−1 is also a string C-group.
Corollary 3.4. If  is a CPR graph of an abstract regular polytope with C-group 〈ρ0, . . . , ρr−1〉, then the graph
′ is a CPR graph of an abstract regular polytope; where ′ is deﬁned as the union of  and a single edge,
labeled ρ0 or ρr−1 , not connected to .
4. Polytopes for alternating and symmetric groups
In this section we give results regarding polytopes with automorphism group isomorphic to an
alternating group of degree n for n  12, or isomorphic to a symmetric group. We ﬁrst require a
well-known lemma that is used in later sections.
Lemma 4.1. For all odd n 4, Alt(n) is generated by the two elements:
(1,2,3) and (1,2,3, . . . ,n).
Proposition 4.2. The alternating group Alt(n) is the automorphism group of a regular 3-polytope if and only
if n = 5 or n 9.
Proof. It was known by Coxeter that Alt(5) is the automorphism group of a regular 3-polytope
(see [9]). In [26] a regular 3-polytope is constructed for each group Alt(n) with n  9. For the other
cases, see for instance [17]. 
Proposition 4.3. Up to isomorphism and duality, the only two polytopes with group Alt(5) are the hemi-
icosahedron and the hemi-great dodecahedron.
Proof. See for instance [13]. 
The CPR graphs of these polytopes are as follows.
0
21 2
1
0
0
2
1
2
1
0
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{5,6,5} 0 1 0 1 2 3 2 3
{5,6,3} 1 2
0 01
3
01
0 1 2 3
{10,12,6} 0
2
1 0 1 2
3
1
3
1
{10,6,3} 1 0 1 2
0 0
3
0
2 3
{10,4,5} 0 1 0 1 2
1
3
1 2
3
{10,3,3} 1 2
0 0
3
0
0 1 2 3
Fig. 4. CPR graphs of all regular 4-polytopes for Alt(9).
Theorem 4.4. Let σi = (i + 1, i + 2) for i ∈ {0, . . . ,d − 1}; then the group 〈σ0, . . . , σd−1〉 is a string C-group
(in fact a Coxeter group with string diagram) that is isomorphic to Sd+1 and is the automorphism group of the
d-simplex.
Proof. See Theorem 1 of [11]. 
Theorem 4.5. Let σd−2 = (d − 1,d)(d + 1,d + 2) and otherwise σi = (i + 1, i + 2) for i ∈ {0, . . . ,d − 1};
then the group 〈σ0, . . . , σd−1〉 is a string C-group that is isomorphic to Sd+2 .
Proof. See Theorem 2 of [11]. 
The polytopes from the previous two theorems are also proved to be unique up to isomorphism
in the same work. The CPR graphs of these polytopes are as follows.
0 1 2 d−2 d−1
0 1 d−3 d−2 d−1 d−2
4.1. Polytopes for the group Alt(9)
The complete list of regular polytopes with group isomorphic to Alt(9) is known (see [17]).
Proposition 4.6. Up to isomorphism and duality there are forty one regular 3-polytopes and six regular 4-
polytopes with automorphism group Alt(9).
The CPR graphs of the regular 4-polytopes for this group are shown in Fig. 4.
4.2. Polytopes for the group Alt(10)
The complete list of regular polytopes with group isomorphic to Alt(10) is known. Although this
was not in the original work of [17], the classiﬁcation was completed and is now available in an
updated version online.
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{5,10,6} 0 1 0
2
1 2 3 2 3 2
{5,6,6} 2
0
1 0 1 2 3 2 3 2
{5,5,6,5} 0 1 0
2
1 2 3 4 3 4
{5,6,4,5} 0
2
1 0 1 2 3
2
4
2 3
4
{5,10,4,5} 0 1 0
2
1 2 3
2
4
2 3
4
{5,3,6,5} 2
0
1 0 1 2 3 4 3 4
Fig. 5. CPR graphs of all regular 4-polytopes and 5-polytopes for Alt(10).
Type Group CPR graph
{5,3,6,3,5} Alt(11) 2
0
1 0 1 2 3 4 5 4 5
3
{5,5,6,3,5} Alt(11) 0 1 0
2
1 2 3 4 5 4 5
3
{5,5,6,5,5} Alt(11) 0 1 0
2
1 2 3 4 5
3
4 5
{30,21} Alt(12) 0 1 0 1 2 1 2 1 0
0
2 2
Fig. 6. CPR graphs of known regular polytopes for Alt(11) and Alt(12).
Proposition 4.7. Up to isomorphism and duality there are ninety four regular 3-polytopes, two regular 4-
polytopes, and four regular 5-polytopes with automorphism group Alt(10).
The CPR graphs of the regular 4-polytopes and 5-polytopes for this group are shown in Fig. 5.
4.3. Polytopes for the group Alt(11) and Alt(12)
While there is not a complete classiﬁcation of the regular polytopes for these two groups, still
some results are known.
Proposition 4.8. There are at least three regular 6-polytopes with automorphism group isomorphic to Alt(11).
Proof. Starting with a known polytope for Alt(9) or Alt(10), we extend the permutation representa-
tion of its group to a new string group generated by involutions. Magma [1] is then used to check if
this group is a string C-group isomorphic to Alt(11). 
Also one regular 3-polytope with group Alt(12) is known (see [26]). The CPR graphs for these
polytopes are shown in Fig. 6.
5. Polytopes of even rank
Theorem 5.1. For each even rank r  4, there is an abstract regular polytope of rank r that has the alternating
group Alt(2r + 1) as its automorphism group.
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ate the entire alternating group. Subsequently, we classify the possible structures of certain parabolic
subgroups, and show that they have the required intersection properties when needed.
In this section we let r be an even integer, and deﬁne n = 2r + 1.
Deﬁnition 5.2. For each even integer r  4, we deﬁne the group Γ n as the group generated by ρi for
i = 0, . . . , r − 1, where
ρ0 = (1,2)(4,5)(6,7) . . . (n − 1,n) and
ρi = (2i,2i + 2)(2i + 1,2i + 3) for i = 0.
Lemma 5.3. For each r  4, Γ n is a sggi with (ρ0ρ1)10 = 1Γ n and (ρiρi+1)3 = 1Γ n for i = 0.
Proof. Clearly Γ n is generated by involutions; we show that it has the required string diagram.
ρ0ρ1 = (1,4,3,5,2)(6,7) . . . (n − 1,n). Thus (ρ0ρ1)10 = 1Γ n .
For i > 0, ρiρi+1 = (2i,2i + 4,2i + 2)(2i + 1,2i + 5,2i + 3). Thus (ρiρi+1)3 = 1Γ n .
For i > 1, ρ0ρi = (1,2)(4,5) . . . (2i,2i + 3)(2i + 2,2i + 1) . . . (n − 1,n). Thus (ρ0ρi)2 = 1Γ n .
For 0 < i < j−1, ρiρ j = (2i,2i+2)(2i+1,2i+3)(2 j,2 j+2)(2 j+1,2 j+3). Thus (ρiρ j)2 = 1Γ n . 
As a result of this lemma, if Γ n is a string C-group, the associated polytope has Schläﬂi type
{10,3r−2}, and has CPR graph as follows.
1 2 3 r−2 r−1
0 1
0
2
0
3
0 0
r−2
0
r−1
0
Lemma 5.4. There is an embedding π of Γ n0 into Sr .
Due to the structure of the involutions, any subgroup of Γ n0 can be embedded in a subgroup
of Sr acting on the set of even points less than n. We call this embedding π and make use of it
at later points. In particular π is deﬁned on the generators by π(ρi) = (2i,2i + 2); it follows that
π(ρiρ j) = π(ρi)π(ρ j) and π is injective.
Lemma 5.5. Γ n is isomorphic to Alt(n).
Proof. Consider the element μ := ρ0ρ1 . . . ρr−1.
(1)μ = n − 1. (3)μ = n. Otherwise, if k is odd, (k)μ = k − 3. And if k is even, (k)μ = k − 1. Thus,
μ is a cycle of length n; for example if n = 21 then μ is of the form
(1,20,19,16,15, . . . ,4,3,21,18,17, . . . ,6,5,2).
Also, one can check that when n = 9 the permutation (6,5,2) can be expressed as a word γ in
ρ0,ρ1,ρ2, for example
γ = (ρ1ρ0)4(ρ1ρ2ρ1ρ0)2(ρ1ρ0ρ2)2ρ1ρ0(ρ1ρ2ρ1ρ0)2(ρ1ρ0)2(ρ1ρ2ρ1ρ0)2
× (ρ1ρ0ρ2)2ρ1ρ0ρ1ρ2ρ1(ρ0ρ1)2.
Moreover, γ is equal to the permutation (6,5,2) for all n = 1 (mod 4), n  9. To see this, notice
that the points 8,9, . . . ,n are only changed by ρ0 and ρi for i  3, and notice that γ contains an
even number of ρ0’s and thus ﬁxes the points 8,9, . . . ,n. Thus by Lemma 4.1, Γ n is isomorphic to
Alt(n). 
Lemma 5.6. Γ 9 is a string C-group with Γ 93
∼= S7 and Γ 90 ∼= S4 .
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yields the CPR graph of the 3-simplex. Thus Γ 90 is a string C-group isomorphic to S4; similarly, Γ
9
0,3 is
a string C-group isomorphic to S3. It is clear, by deﬁnition, that ρ3 /∈ Γ 93 ; by Lemma 2.2, Γ 9 is a string
C-group if Γ 93 is a string C-group, since S3 is maximal in S4. To show that Γ
9
3 is a string C-group, we
construct a permutation representation graph for the group Γ 93 using its permutation representation,
and get the following.
1 2
0 0 0
0 1 2
It is easy to see that Γ 93 is the sesqui-extension of a group with permutation representation graph
obtained by deleting the disconnected edge of the graph above. There are two connected components
of the graph induced by edges of labels 0 and 1 of this smaller graph. These components have two and
ﬁve vertices respectively; thus by Theorem 3.1, it is a CPR graph of a regular 3-polytope. Therefore,
by Proposition 3.3, Γ 93 is a string C-group, as it is a sesqui-extension of this 3-polytope. 
We point out that Γ 9 has a CPR graph included in Fig. 4.
Corollary 5.7. Γ n0 , Γ
n
0,r−1 , and Γ n0,r−1,r−2 are string C-groups isomorphic to Sr , Sr−1 , and Sr−2 respectively.
Proof. All these groups are subgroups of Γ n0 , and thus we can apply the embedding π from
Lemma 5.4. After applying the embedding, we see that up to a relabeling of points, each of the
groups has the same permutation representation as the simplices in Theorem 4.4. 
Lemma 5.8. Γ nr−1 ∼= Sn−2 .
Proof. We can see Γ nr−1 as a sesqui-extension of the group Σ = 〈ρ ′0,ρ1, . . . , ρr−2〉 where ρ ′0 =
(1,2)(4,5)(6,7) . . . (n − 3,n − 2). Thus if we show that Σ ∼= Sn−2, then Sn−2  Γ nr−1  Sn−2 × C2.
Based on the deﬁnition of the generators of Σ is it clear that it is a subgroup of Sn−2. To show
equality we ﬁnd a transposition and a cycle of length n − 2, which together generate Sn−2. First
consider the element α = ρ ′0ρ1ρ ′0ρ1ρ2 . . . ρr−2. (1)α = 3, (3)α = 2, (2)α = n − 3, (4)α = n − 2, and
(5)α = 1. Otherwise, if k is odd, (k)α = k−3, and if k is even (k)α = k−1. Thus, α is a cycle of length
n − 2; for example if n = 21, α is of the form
(1,3,2,18,17,14, . . . ,7,4,19,16, . . . ,9,6,5).
One can check that the transposition (6,5) can be written as a word β in ρ ′0,ρ1,ρ2 when n = 9; for
example:
β = ρ1σ 31 ρ ′0ρ2σ2σ 21 ρ2σ 31 ρ2σ2σ1ρ ′0ρ2σ2σ 41 ρ2σ 21 ρ2σ1ρ2σ 41 ρ2ρ ′0ρ1σ 41 .
Here σ1 := ρ ′0ρ1 and σ2 := ρ1ρ2. Moreover, β is equal to the permutation (6,5) for all n =
1 (mod 4), n  9. The elements α and β generate Sn−2; therefore Σ is isomorphic to Sn−2 and
Sn−2  Γ nr−1  Sn−2 × C2.
We now rule out the case where Γ nr−1 ∼= Sn−2 × C2. Assume to the contrary that Γ nr−1 ∼= Sn−2 × C2.
It follows that Γ nr−1 contains an element represented by the permutation (n − 1,n), which is an odd
permutation. This contradicts the fact that every generator of Γ nr−1 is even. Thus Γ nr−1  Sn−2 × C2,
and Γ nr−1 ∼= Sn−2 as we wanted. 
Lemma 5.9. Γ n0 ∩ Γ nr−1 ∼= Γ n0,r−1.
Proof. Γ n0,r−1 ∼= Sr−1 and Γ n0 ∼= Sr , so Γ n0,r−1 is maximal in Γ n0 . Thus Γ n0 ∩Γ nr−1 ∼= Γ n0,r−1, for otherwise
Γ n0 ∩ Γ nr−1 ∼= Γ n0 , which is a contradiction. 
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Proof. To show that Γ nr−1 is a string C-group, we use Lemma 2.2 and induction on n. The base case
of the induction when n = 9 follows from Lemma 5.6. Now let n  9 and thus r  4. Γ nr−1 is a
sggi by Lemma 5.3; thus we need to show that Γ n0,r−1 and Γ nr−1,r−2 are C-groups, ρr−2 /∈ Γ nr−2,r−1,
and Γ n0,r−2,r−1 is maximal in Γ n0,r−1. By the deﬁnition of the involutions, ρr−2 /∈ Γ nr−2,r−1, and by
Lemma 5.7, Γ n0,r−1 is a string C-group isomorphic to Sr−1 and Γ n0,r−1,r−2 is a string C-group isomor-
phic to Sr−2. Therefore Γ n0,r−2,r−1 is maximal in Γ n0,r−1.
Finally Γ nr−1,r−2 is a C-group, since Γ nr−1,r−2 is a sesqui-extension with respect to ρ0 (here to be
precise ρ0 is the ﬁrst generator of Γ n−4) of Γ n−4, which is a string C-group by induction. 
Proof of Theorem 5.1. The group Γ n is a sggi with r generators by Lemma 5.3, and is isomorphic to
Alt(n), where n = 2r + 1 by Lemma 5.5. By Lemmas 5.7 and 5.10, Γ n0 and Γ nr−1 are string C-groups,
and by Lemma 5.9, Γ n0 ∩ Γ nr−1 ∼= Γ n0,r−1. Thus Γ n is a string C-group by Proposition 2.1. 
We have now shown that, for each even r  4, Γ n is a string C-group with r generators isomorphic
to Alt(2r + 1). There is an abstract regular polytope associated with each string C-group; so equiva-
lently we have constructed an abstract regular r-polytope Pr , for each even r  4, with automorphism
group Γ (Pr) isomorphic to Alt(2r + 1); additionally the group of each of its facets was shown to be
S2r−1. This leads to the following two corollaries.
Corollary 5.11. For each even rank k  4, there is an abstract regular k-polytope of type {10,3k−2} with
automorphism group isomorphic to Alt(2k + 1), and with the following CPR graph.
1 2 3 k−2 k−1
0 1
0
2
0
3
0 0
k−2
0
k−1
0
Corollary 5.12. For each odd rank k 3, there is an abstract regular k-polytope of type {10,3k−2} with auto-
morphism group isomorphic to S2k+1 , and with the following CPR graph.
1 2 3 k−2 k−1
0
0 1
0
2
0
3
0 0
k−2
0
k−1
0
6. Polytopes of odd rank
Theorem 6.1. For each odd rank q 3, there is an abstract regular polytope of rank q that has the alternating
group Alt(2q + 3) as its automorphism group.
In this section we let q be an odd integer, and deﬁne n = 2q + 3.
Deﬁnition 6.2. For each odd integer q  3, we deﬁne the group Gn as the group generated by ζi for
i = 0, . . . ,q − 1, where
ζ0 = (1,2)(4,5)(6,7) . . . (n − 1,n),
ζq−2 = (n − 7,n − 5)(n − 6,n − 4)(n − 3,n − 1)(n − 2,n), and
ζi = (2i,2i + 2)(2i + 1,2i + 3) for i /∈ {0,q − 2}.
Lemma 6.3. G9 is a string C-group isomorphic to Alt(9), and thus, there is an abstract regular 3-polytope of
type {10,4} with automorphism group isomorphic to Alt(9).
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and ζ2 = (4,6)(3,5). This yields the following permutation representation graph.
3 1 5
0
2 7
0
1 9
0
1
0
2 1 4 2 6 1 8
The graph induced by the edges of labels 0 and 1 has two connected components, one with ﬁve
vertices and the other with four vertices. Thus by the ﬁrst condition in Theorem 3.1, this is a CPR
graph of a regular 3-polytope. It is easy to check that this polytope has the correct Schläﬂi type, and
that the automorphism group is Alt(9). 
We point out that this polytope has been known to exist prior to this paper, for instance see [17]
or [13], but we include it to complete the family of polytopes related to our construction.
Lemma 6.4. For each odd integer q  5, Gn is a sggi with (ζ0ζ1)10 = (ζq−3ζq−2)6 = (ζq−2ζq−1)4 = 1Gn , and
(ζiζi+1)3 = 1Gn for i /∈ {0,q − 3,q − 2}.
Proof. Clearly Gn is generated by involutions; we show that it has the required string diagram.
ζ0ζ1 = (1,4,3,5,2)(6,7) . . . (n − 1,n).
ζq−3ζq−2 = (n − 9,n − 5,n − 7)(n − 8,n − 4,n − 6)(n − 3,n − 1)(n − 2,n).
ζq−2ζq−1 = (n − 7,n − 3,n − 1,n − 5)(n − 6,n − 2,n,n − 4).
For i /∈ {0,q − 3,q − 2}, ζiζi+1 = (2i,2i + 4,2i + 2)(2i + 1,2i + 5,2i + 3).
ζ0ζq−2 = (1,2)(4,5) . . . (n − 9,n − 8)(n − 7,n − 4)(n − 6,n − 5)(n − 3,n)(n − 2,n − 1).
ζ0ζq−1 = (1,2)(4,5) . . . (n − 7,n − 6)(n − 5,n − 2)(n − 4,n − 3)(n − 1,n).
For i /∈ {0,1,q − 2,q − 1}, ζ0ζi = (1,2)(4,5) . . . (2i,2i + 3)(2i + 2,2i + 1) . . . (n − 1,n).
For i /∈ {0,q − 3,q − 2,q − 1},
ζiζq−2 = (2i,2i + 2)(2i + 1,2i + 3)(n − 7,n − 5)(n − 6,n − 4)(n − 3,n − 1)(n − 2,n).
For i /∈ {0,q − 2,q − 1}, ζiζq−1 = (2i,2i + 2)(2i + 1,2i + 3)(n − 5,n − 3)(n − 4,n − 2). 
As a consequence of this lemma, if Gn is a string C-group, then the polytope associated with it is
of type {10,3q−4,6,4}, and has CPR graph as follows.
1 2 3 q−2 q−1 q−2
0 1
0
2
0
3
0 0
q−2
0
q−1
0
q−2
0
We notice here that, as in the last section, any subgroup of G0 can be embedded into Sq+1 by
looking at the action on the even points less than n. We call this embedding p; in particular p(ζq−2) =
(n − 7,n − 5)(n − 3,n − 1) and otherwise p(ζi) = (2i,2i + 2).
Lemma 6.5. Gn is isomorphic to Alt(n).
Proof. We prove this by ﬁnding a cycle of length n and an appropriate cycle of length 3. Let ν =
ζ0 . . . ζq−3ζq−1ζq−2 and consider how it acts. (1)ν = n−5, (3)ν = n−4, (n−5)ν = n, (n−4)ν = n−1,
(n−3)ν = n−6, and (n−2)ν = n−7. Otherwise, if k is odd (k)ν = k−3, and if k is even (k)ν = k−1.
Thus, ν is a cycle of length n; for example if n = 21, ν is of the form
(1,16,21,18,15, . . . ,4,3,17,20,19,14, . . . ,6,5,2).
Also, one can check when n = 13 the permutation (6,5,2) can be expressed as the same word γ
in ζ0, ζ1, ζ2 from Lemma 5.5 (with ρi changed to ζi). Moreover, γ is equal to the permutation (6,5,2)
for all n = 1 (mod 4), n 13. Thus by Lemma 4.1, Gn is isomorphic to Alt(n). 
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Proof. We can apply the embedding p to Gn0 , and immediately notice that up to a relabeling of points
we have the permutation representation of the unique polytope described in Theorem 4.5. 
Lemma 6.7. Gn0,q−1 is a string C-group isomorphic to Sq−1 × C2 .
Proof. Gn0,q−1 is the automorphism group of a facet of the regular polytope associated with Gn0 , which
is a string C-group by the last lemma; therefore Gn0,q−1 is a string C-group. After applying the embed-
ding p and relabeling the points, we notice that Gn0,q−1 is a sesqui-extension of the (q − 2)-simplex.
Therefore Sq−1  Gn0,q−1  Sq−1 × C2. We now rule out the possibility of Gn0,q−1 ∼= Sq−1.
Assume to the contrary that Sq−1 ∼= Gn0,q−1. We know that Gn0,q−1 is a string C-group, and is thus
the automorphism group of an abstract regular m-polytope of rank m = q− 2. Thus we have a regular
polytope of rank m with group isomorphic to Sm+1. In [11] it is proved that the unique regular
polytope with this property is the simplex. Thus (ζq−3ζq−2)3 is identity. However this contradicts
Lemma 6.4 where it is shown that the order of ζq−3ζq−2 is 6; thus Sq−1  Gn0,q−1 and we have
Gn0,q−1 ∼= Sq−1 × C2 as we wanted. 
Lemma 6.8. Gnq−1 is a string C-group isomorphic to Alt(n − 4) × C22 .
Proof. We use Proposition 3.3 twice. Recall, from the last section, the string C-group Γ n−4 generated
by ρi where
ρ0 = (1,2)(4,5)(6,7) . . . (n − 5,n − 4) and
ρi = (2i,2i + 2)(2i + 1,2i + 3) for i ∈ {1, . . . , r − 3}.
It was shown in Lemma 5.5 that Γ n−4 is isomorphic to Alt(n − 4). Let τ1 = (n − 3,n − 2)(n − 1,n),
ρ ′0 = ρ0τ1, and H1 = 〈ρ ′0,ρ1, . . . , ρr−3〉. It follows that H1 is a sesqui-extension with respect to ρ0
of Γ n−4, and therefore Γ n−4  H1  Γ n−4 × C2. Consider the element μ := ρ0ρ1 . . . ρr−3. It was
shown in Lemma 5.5 that μn−4 = 1Γ n−4 . We now consider the element μ′ = ρ ′0ρ1 · · ·ρr−3. Because τ1
commutes with all of Γ n−4, we can write the element (μ′)n−4 as τn−41 μn−4. This is identity in H1 if
and only if n − 4 is even. However, since n = 2q + 3, n − 4 is odd; thus H1 ∼= Γ n−4 × C2.
Similarly, let τ2 = (n−3,n−1)(n−2,n), ρ ′r−3 = ρr−3τ2, and H2 = 〈ρ ′0,ρ1, . . . , ρ ′r−3〉. It follows that
H2 is a sesqui-extension with respect to ρr−3 of H1; moreover H2 has the same permutation repre-
sentation as Gnq−1, and therefore Gnq−1 ∼= H2. It was shown in Lemma 6.4 that (ρr−4ρr−3)3 = 1Γ n−4 ,
and it is easy to check that this relation still holds in H1. We now consider the element (ρr−4ρ ′r−3)3.
Because τ2 commutes with all elements of H1, we can write (ρr−4ρ ′r−3)3 as τ
3
2 (ρr−4ρr−3)3. This is
clearly not identity in H2, and thus H2 ∼= H1 × C2. Therefore Gnq−1 ∼= Alt(n − 4) × C22 . 
Corollary 6.9. Gnq−2,q−1 is a string-C-group;moreover Gnq−2,q−1 ∼= Γ nr−3,r−2,r−1 and Gnq−2,q−1 ∼= Sn−6 .
Proof. Gnq−2,q−1 has the same permutation representation as Γ nr−3,r−2,r−1, so the two groups are
clearly isomorphic and Gnq−2,q−1 is a C-group. The proof that Gnq−2,q−1 ∼= Sn−6 is similar to the proof
of Lemma 5.8 and is omitted. 
Corollary 6.10. Gn0,q−2,q−1 ∼= Sq−2 .
Proof. After applying the embedding p and relabeling the points, we see Gn0,q−2,q−1 has the permu-
tation representation described in Theorem 4.5, which is the automorphism group of the (q − 3)-
simplex, and isomorphic to Sq−2. 
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nating group Alt(9) as its automorphism group. When q 5 the group Gn is a sggi with q generators
by Lemma 6.4, and is isomorphic to Alt(2q + 3) by Lemma 6.5. Thus, all that remains is to show that
Gn is a string C-group.
We have shown that Gnq−1 is a string C-group and that Gn0 is a string C-group isomorphic to Sq+1
in Lemmas 6.6 and 6.8. Thus by Proposition 2.1 all we must show is that Gnq−1 ∩ Gn0 ∼= Gn0,q−1. From
Lemma 6.7 we know Gn0,q−1 ∼= Sq−1 × C2. Thus Sq−1 × C2  Gnq−1 ∩ Gn0 . If we show the other inclusion,
then we are done. We can apply the embedding p : Gn0 → Sq+1 to this intersection as it is a subgroup
of Gn0 . Let β be an arbitrary element of Gnq−1 ∩ Gn0 , and consider how p(β) acts.
Notice that there is no generator of Gnq−1 that sends a point in the set {n,n − 1,n − 2,n − 3} to
a point in the set {1, . . . ,n − 4}. Therefore, ({1, . . . ,n − 4})β = {1, . . . ,n − 4}, and ({n,n − 1,n − 2,
n − 3})β = {n,n − 1,n − 2,n − 3}. Thus ({2,4, . . . ,n − 5})p(β) = {2,4, . . . ,n − 5}, and ({n − 3,n −
1})p(β) = {n − 3,n − 1}. Thus Gnq−1 ∩ Gn0 is a subgroup of Sq−1 × C2. 
We have now shown that, for each odd q 5, Gn is a string C-group with q generators isomorphic
to Alt(2q + 3). Equivalently we have constructed an abstract regular q-polytope Pq , for each odd
q  5, with automorphism group Γ (Pq) isomorphic to Alt(2q + 3); additionally the group of each of
its facets was shown to be isomorphic to Alt(2q− 1)× C22 . This leads to the following two corollaries.
Corollary 6.11. For each odd rank k  5, there is an abstract regular k-polytope of type {10,3k−4,6,4} with
automorphism group isomorphic to Alt(2k + 3), and with the following CPR graph.
1 2 3 k−2 k−1 k−2
0 1
0
2
0
3
0 0
k−2
0
k−1
0
k−2
0
Corollary 6.12. For each even rank k  4, there is an abstract k-regular polytope of type {10,3k−3,6} with
automorphism group isomorphic to Alt(2k + 1) × C22 , and with the following CPR graph.
1 2 3 k−1 k−1
0
0 1
0
2
0
3
0 0
k−1
0 0
k−1
We conclude by pointing out that Theorem 1.1 is proved by considering Corollary 5.11, Lemma 6.3,
and Corollary 6.11.
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